Abstract. We use maximum entropy techniques to extract an electron-phonon density from optical data in the normal state at T = 45 K in MgB 2 . Limiting the analysis to a range of phonon energies below 110 meV which is sufficient to capture all phonon structures we find a spectral function which is in good agreement with that calculated for the quasi two-dimensional σ-band. Extending the analysis to higher energies up to 160 meV we find no evidence for any additional contributions to the fluctuation spectrum but find that the data can only be understood if the density of states is taken to decrease with increasing energy.
Introduction
The discovery [1] of superconductivity in MgB 2 with a critical temperature T c = 39 K lead to several density functional LDA band calculations which showed strong coupling of the quasi two-dimensional σ-bands to optical B-B bond stretching phonons at 600 cm −1 [2, 3, 4, 5, 6, 7, 8] . Evidence of strong coupling is that this band supports a large superconducting gap. A three dimensional π-band has a smaller gap so that MgB 2 is a multiband superconductor [4, 7, 8, 9, 10, 11, 12, 13] . The electron-phonon spectral density α 2 F (Ω) has been extracted from tunneling data in many conventional superconductor and used with considerable success to compute their properties [14] which often differ significantly [15, 16] from BCS predictions because of retardation effects. These are in addition to possible corrections coming from energy dependence in the electronic density of states [17] and anisotropies [18, 19] . It has also been possible to extract α 2 F (Ω) from optical data with excellent agreement with the tunneling results in the case of Pb [20] .
In this paper we use optical data on the normal state of MgB 2 to get information on its electron-boson spectrum [21, 22] . To achieve this end we use maximum entropy techniques developed recently that have so far been used mainly to describe the electronboson spectral density in the cuprates [23] where the interaction is believed to be mediated through the exchange of spin fluctuations [23, 24, 25] . This work is based on a series of developments which started with the work of Allen [26] who derived using ordinary perturbation theory, a simplified but very useful relationship between the optical scattering rate and the electron-boson spectral density. This work was later generalized to finite temperature by Shulga et al. [27] and by Mitrovic et al. [28] to include the possibility that the density of electronic states (DOS) has important energy dependence in the range of energy of interest. Further work by Sharapov and Carbotte [29] included finite temperature as well as energy dependence in the density of states and derived simplified formulas which have turned out to be very helpful for analyzing optical data. These equations related the spectral density α 2 F (Ω) directly to the optical scattering rate through an integral equation which related α 2 F (Ω) linearly to the scattering through known kernel. The inversion problem involves a deconvolution which was addressed by Dordevic at al. using a singular value decomposition (SVD) technique [30] and by Schachinger et al. using a maximum entropy technique (MET) [31] . Here we apply this second method to invert the finite temperature optical data in MgB 2 at T = 45 K above the superconducting transition temperature T c = 39.6 K. In section II we present the basic integral equation which we employ to relate the optical scattering rate to the spectral density α 2 F (Ω) which we wish to extract from the data. The necessary kernel which is known is specified and depends on the thermal factors and the underlying electronic density of states N (ω) which can have energy dependence. The maximum entropy technique used to solve for α 2 F (Ω) is specified in section III. Results are presented in section IV and conclusions given in section V.
Formalism
Sharapov and Carbotte [29] have derived a formula for the optical scattering rate which is highly suitable for analysis of infrared data. The work is based on a Kubo formula without vertex corrections within a boson exchange model of correlation effects. Through a series of simplifications they obtain an integral equation which relates linearly through a known kernel K(T, ω, Ω), the scattering rate 1/τ op (T, ω) at temperature T to the underlying spectral density α 2 F (Ω) which in our case is due to the electron-phonon interaction. The equation is 1
The kernel K(T, ω, Ω) is given by
where n B (Ω) and f (Ω) are the Bose-Einstein and Fermi-Dirac distributions at finite T , respectively. The density of statesÑ (ω) is the particle-hole symmetrized version of the energy dependent band structure density of states
WhenÑ (ω) is assumed to be a constant independent of ω and is set equal to 1.0 we recover the formula of Shulga et al. [27] namely
which is related, but different, from the quasiparticle scattering rate 1/τ qp (T, ω) given instead by the formula 1
It is the approximate Eq. (3) for the optical scattering rate that we use in all the inversion of optical data that we present here. The assumption of a constant density of states is acceptable for MgB 2 in the energy range of interest here. Further Eq. (3) is known to be surprisingly a good approximation to the optical scattering rate obtained from full Eliashberg solutions of the electron-phonon system [31] . We will also be interested in including residual impurity scattering. As discussed in Sharapov and Carbotte, this corresponds to a spectral density
πT . Substitution of this into equations (3) and (4) gives an additional contribution to the optical scattering rates of 2/τ imp and to the quasiparticle scattering rate of 1/τ imp . Thus we recover the well known result that for elastic scattering, the optical rate is twice the quasiparticle rate. We point out that this residual rate 1/τ op imp (T, ω) remains unrenormalized by the electron-phonon interaction. This is in sharp contrast to the known results about the Drude contribution to Re[σ(T, ω)] which has its optical spectral rate reduced by a factor of 1+λ where λ is the quasiparticle mass renormalization factor. The remaining weight is transferred to the phonon assisted Holstein side bands. In addition the width of the Drude at zero temperature is renormalized to 1/τ op imp ×1/(1+λ). The optical scattering rate for a correlated system is defined in analogy to the quasiparticle self energy Σ qp (T, ω) through a generalized Drude formula with temperature and energy dependent optical self energy Σ op (T, ω). The infrared conductivity σ(T, ω) is given by
where Ω p is the plasma energy. We define 1/τ
One can write down explicit formulas for m * op (T, ω) or get it from 1/τ op (T, ω) by Kramers-Kronig transform. In terms of the conductivity σ(T, ω) the scattering rate
where σ(T, ω) ≡ σ 1 (T, ω)+iσ 2 (T, ω) which allows one to construct the optical scattering rate from a knowledge of the real and imaginary part of the conductivity. In fact only the real part is needed since real and imaginary parts are related by Kramers-Kronig as was the case for the optical self energy itself.
To obtain the electro-phonon spectral density α 2 F (Ω) from the experimental data on 1/τ op (T, ω) due care must be used to first subtract out the residual scattering contribution. Then a maximum entropy technique can be used to solve the deconvolution problem implied in Eqn. (1) . The method has been widely used particularly in the context of the high T c cuprates [32, 23, 31, 32, 33] .
Maximum Entropy Inversion
In Eqn. (1) what is known is the optical scattering rate 1/τ op (T, ω) obtained in our case from normal state data at temperature T = 45 K slightly above the superconducting critical temperature T c ∼ = 40 K. For a general kernel, K(T, ω, Ω) the deconvolution of equation (1) to recover the spectral density α 2 F (Ω) is ill-conditioned. Here we use a maximum entropy technique [31] . The equation can be discretized
where δΩ is the differential increment on the integration over Ω j = jδΩ with j an integer. We define a χ 2 by
where D in (i) is the input data, and Σ(i) ≡ j K(T, i, j)α 2 F (j)δΩ is calculated from the known kernel and a given choice of α 2 F (j), and i is the error assigned to the data The electron-phonon spectral density α 2 F (Ω) (lower frame) recovered from maximum entropy inversion of the optical scattering rate data (upper frame) for MgB 2 based on infrared data of reference [21] at 45 K. The solid blue curve was obtained without first subtracting a residual optical scattering 1/τ imp = 0, subtracting first (dash-dotted green) 1/τ imp = 26.6 meV and for (dashed red) curve subtracting 1/τ imp = 29.1 meV. Second and third curves in top frame displaced upward for viewing ease. The light black curve in the top frame is the data. The black dotted curve in the lower frame is the calculated α 2 F (Ω) from band structure shown in the top frame of Fig. 1 in reference [12] . While the value of η is related to the quality of the fit it depends on many factors including the number of data points, their range in energy, and the noise. Also, the value of η cannot be made so small that the recovered α 2 F (Ω) itself becomes noisy.
D in (i). Constraints such as positive definiteness for the boson exchange function are noted and the entropy functional
is minimized with the Shannon-Jones entropy [31] , S given by The parameter η in Eq. (8) controls how close a fit to the data is obtained. In all cases presented here we have iterated until the average < χ 2 >= N is achieved to acceptable accuracy. The parameter m(Ω) is here taken to be some constant value on the assumption that there is no a priori knowledge of the functional form of the electron-boson spectral density α 2 F (Ω). Other inversion methods such as singular value decomposition could be used, but here we prefer maximum entropy. Detail comparison of these two methods has appeared in reference [31] where it was found that for Pb both methods give very much the same results. A least square fit could also be employed but it requires making a specific choice for the form of α 2 F (Ω) dependent on a specific number of parameters which are then varied. Here we prefer not to be constraint to a particular functional form.
Numerical Results
The light black curve in the top frame of Fig. 1 gives the optical scattering rate which we got by processing the infrared data of Tu et al. [21] on the real and imaginary part of the optical conductivity σ(T, ω) in the normal states of MgB 2 at temperature T = 45 K just above the superconducting critical temperature T c = 39.6 K. According to Eq. (6) only the real part is needed since σ 2 (T, ω) follows by Kramers-Kronig transform. Applying a maximum entropy inversion to obtain from this the spectral density α 2 F (ω) based on the data up to 110 meV, we get the solid blue spectrum shown in the lower frame. The fit to the data that we achieve is very good as we can see from the solid blue curve in the top frame. We emphasize that we get three peaks in our α 2 F (ω) one at low energies centered ∼ 5 meV a second centered around 40 meV and a very large peak in comparison to the first two which is centered at 78.3 meV. To obtain this spectrum we used a value of plasma energy Ω p of 3.0 eV suggested in the work of Kuzmenko et al. [22] . As can be seen in Eqn. (6) the value of the optical scattering is directly proportional to the square of Ω p . Since 1/τ op (T, ω) in Eq. (1) is directly proportional to α 2 F (Ω) we see that its overall magnitude can be changed by adjusting the value of the plasma energy.
In obtaining the solid blue curve we have not included any residual scattering yet we get a good fit to the data. But this requires the relatively large peak at ∼ 5 meV which effectively simulates the static residual contribution. If instead we first subtract from the data a constant scattering rate of 26.6 meV we get the dash-dotted dark green curve. Note that the peak at 40 meV and at 78.3 meV have not shifted significantly. It is only the low energy peak which has shifted to ∼ 11 meV. If we had used instead 29.1 meV which corresponds to making the contribution from the inelastic scattering negligible at ω = 0 we would have obtained the dashed red curve in which the lower peak is now shifted to ∼ 14 meV. Table 1 provides details about the three spectra shown in the lower frame of Fig. 1 . The first column is the value of the impurity optical scattering rate 1/τ op imp which was first subtracted. The second column gives the mass enhancement associated with the lowest energy peak λ ≡ 2
dΩ, the third and fourth are contributions from the second peak and third peak respectively and the last column is the total. We note that the λ associated with the third peak remains unchanged and that associated with the second peak is also quite stable. This is not true about the lowest energy peak. If no impurity scattering is included in the maximum entropy inversion the large value of 1/τ op (T, ω) at ω = 0 for T = 45 K is simulated by this peak. If instead we assign this entire value to residual scattering, then the peak has moved to ∼ 14 meV and its λ is about 0.22. We conclude from these remarks that the peak at 14 meV is real as is that at 40 meV while the major contribution to the mass enhancement comes from the peak at 78.3 meV and that the total λ is ∼ 1.01. The last curve (light dotted black) in the bottom frame of Fig. 1 given the α 2 F (Ω), the band structure calculation value of the spectral density, which we read off the heavy solid black curve in Fig. 1 of reference [12] . The authors give a value of λ = 1.23. Our inversion of optical data agree well with these calculations. The main discrepancy is in the position of the main peak which is shifted to ∼ 73 meV in the calculated curve and a smaller lambda. The small peaks that we have found at 14 meV and 40 meV do not aline with the small background seen in the dotted black curve but we believe that they are real.
The two small peaks located at 14 meV and 40 meV can be related directly to measured features in the scattering rate data as we illustrate in Fig. 2 . The upper frame shows the optical scattering rate that is obtained from our model spectral density α 2 F (Ω). The solid blue curve includes all three peaks, the dash-dotted green leaves out the lower peak at ∼ 14 meV and the red dashed leaves out both the ∼ 14 meV and the 40 meV peaks. It is clear that both these peaks are needed to fit the data which basically fall on the solid blue curve. On the other hand the dotted black curve in the lower frame of Fig. 1 which gives the calculated α 2 F (Ω) of band theory does not fit the data as can be seen in the lower frame. The optical scattering rate obtained in this way is given by the magenta dashed curve. Not only does it not rise enough as compared with the data (light green curve) in the region below 60 meV but it also overshoots the data above 60 meV. Formula (6) for the optical scattering rate involves the total conductivity σ(ω) and in the case of multiple bands, as we have in MgB 2 , a sum needs to be taken before 1/τ op (T, ω) is constructed. However if in the energy range of interest one band is much more resistive than the other one would get from our maximum entropy inversion the spectral density α 2 F (Ω) associated with the dominant band rather than a composite Kuzmenko et al. [22] have provided evidence that the three dimensional band may be close to weak localization and consequently we expect that we are involved mainly with the two dimensional σ-band. Consequently we have compared in the lower frame of Fig. 1 our results (dashed red) for α 2 F (Ω) with the computed spectrum for the two dimensional σ-band (dotted red). We note that the effective width of the Drude with a λ of 1.01 is the bare residual scattering rate here ∼ 30 meV divided by 1+λ which is ∼ 15 meV in reasonable agreement with the data of Tu et al. [21] which gives ∼ 20 meV somewhat higher. All the discrepancy noted could be due to some uncertainty in our knowledge of the plasma frequency for the σ-band or perhaps there is a small contribution to 1/τ op (T, ω) from the π-band. It is interesting to note the difference in behavior between the optical self energy and the better known quasiparticle self energy. The first is characteristic of the optical conductivity which deals with a two-particle Green's function while the second is a oneparticle property so that a priori there is no compelling reason why they should be the same. In Fig. 3 we compare in the upper frame the optical scattering rate (solid blue curve) with its quasiparticle counterpart dashed red curve. We see that 1/τ qp (T, ω) rises sharply around ω = 70 meV and rapidly becomes constant while the rise in blue curve is much more gradual and in fact is still rising at 200 meV well above the maximum phonon energy in α 2 F (Ω) which is ≤ 85 meV. The peak in the real part of the quasiparticle self energy (light dashed magenta curve) is also much sharper than is the peak in the real part of the optical self energy (light solid green curve) as we could have expected since these are related to their imaginary part by Kramers-Kronig transform. Note however that below 50 meV quasiparticle and optical quantities are quite close to each other. In the lower frame of Fig. 3 we show additional results for the optical (solid blue) and quasiparticle (dashed red) effective masses. They agree well at ω → 0, but differ beyond this region. At T = 0 λ op and λ qp would be the same and would also be equal to the spectral lambda, λ.
So far we have considered in our maximum entropy fits to the data only the energy range up to 110 meV. We have also assume that the electronic density of states can be taken as a constant in this range. Around 120 meV and beyond however the data for 1/τ op (T, ω) takes on a very different character. Rather than keep rising it has a small peak and then becomes rather flat. This is shown in Fig. 4 as the dash-dotted green curve. The dashed dark green curve is theory using the α 2 F (Ω) that we obtained from our analysis of data below 110 meV. It is in striking disagreement with the data. A possible explanation is that there is a drop in the electronic density of states in this region and that we should be using Eq. (2) with a non-constantÑ (ω) rather than the simpler Eq. (3). We show in the inset a model for the energy dependence ofÑ (ω). With this model we obtain for 1/τ op (T, ω) the blue dash-dot-dotted curve which shows a peak around 110 meV and then a drop at higher energies. Here we note that the onset energy of the drop in the optical scattering rate is the peak energy (78.3 meV) in α 2 F (Ω) plus the sharp drop energy (30 meV) inÑ (ω) [34] . To obtain this curve we have used to α 2 F (Ω) obtained with 1/τ imp = 29.1 meV in Fig. 1 bottom frame. If however we shift the energy of the high ω peak in this distribution function from its position at 78.3 meV to 73.3 meV which is the energy of the peak predicted in band structure calculation we get the solid red curve which provides a reasonable understanding of the data. We emphasize that we are not attempting a tight fit to the data in this figure. Rather we simply want to illustrate that including some energy dependence in the density of statesÑ (ω) allows us to get a qualitative understanding of the data in the range 100 to 160 meV. Another possibility is that in this phonon energy range other bands start to become important including interband transitions. There is however no sign that these play a role below 110 meV which is the range used to obtain our spectral density α 2 F (Ω).
Conclusions
We have extracted from normal state optical data at a temperature of 45 K the electronphonon spectral density α 2 F (Ω) of MgB 2 . We find good agreement with the calculated spectral density obtained from first principle density functional LDA band structure computations. We identify the recovered spectral density as that for the two dimensional sigma band with no evidence for a significant contribution from a second band. This observation supports the idea that the three dimensional π band may be highly resistive possibly close to the weak localization regime as suggested in the work of Kuzmenko et al. [22] . This would not be inconsistent with the observation of a small superconducting gap associated with this band. Because the gap is s-wave and isotropic, Anderson's theorem guarantees that intraband elastic impurity scattering drops out entirely from the gap equation for that band.
In our maximum entropy reconstructions of the optical scattering rate data we limited the phono energy range to 110 meV, a value chosen to fall above the maximum phonon energy in MgB 2 . Above this energy in the range 110 to 160 meV the experimental scattering rate shows unexpected leveling off which cannot be understood in a conventional one band phonon model. In such a model the optical scattering rate would continue to increase even when there is no further boson structure and α 2 F (Ω) has become zero. This is in contrast to the quasiparticle scattering rate which saturates above the highest boson energy. A possible explanation for the flattening out is the existence of a drop in the electronic density of states which reduces the scattering in this energy range below the value it would have if the DOS was constant. It could also be evidence that additional bands make a nonnegligible contribution which modifies the scattering rate in this energy range.
